Hopfion solutions in gravity and a null fluid/gravity conjecture by Alves, Daniel W. F. & Nastase, Horatiu
ar
X
iv
:1
81
2.
08
63
0v
1 
 [h
ep
-th
]  
20
 D
ec
 20
18
Hopfion solutions in gravity and a null
fluid/gravity conjecture
Daniel W.F. Alvesa∗ and Horatiu Nastasea†
aInstituto de F´ısica Teo´rica, UNESP-Universidade Estadual Paulista
R. Dr. Bento T. Ferraz 271, Bl. II, Sao Paulo 01140-070, SP, Brazil
Abstract
We conjecture an extension of the fluid/gravity correspondence to the null pres-
sureless fluid case via gravitational shockwave solutions, and use it to propose
an embedding of the fluid Hopfion in gravity. A nonlinear gravitational ”helic-
ity” is also proposed, analogous with the helicity of electromagnetism and fluid
dynamics.
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1 Introduction
Nonlinear field theories sometimes have soliton solutions characterized by some topolog-
ical charge. It is less known that Maxwell’s electromagnetism, a free theory, has also
nontrivial solutions characterized by a topological index, the Hopf index, and moreover a
linking number, the ”Hopfion” solutions. They were found rather late, by Ran˜ada in [1,2],
based on earlier work by Trautman [3]. These solutions satisfy a null condition ~F 2 = 0,
where ~F = ~E + i ~B is the Riemann-Silberstein vector, so ~E · ~B = ~E2 − ~B2 = 0, and are
characterized by some complex scalar functions α and β. They are characterized by ”he-
licities” Hee,Hmm,Hem and Hme (where e stands for electric and m for magnetic), which
are written as spatial integrals of Chern-Simons or BF type terms
∫
d3xǫijkAi∂jBk, which
are conserved (time independent) for null configurations. They also have a nonzero Hopf
index and linking number for ~E with ~B, but we will not discuss that in the following.
One can also obtain more general ”(p, q)-knotted” solutions by using the transformations
α → αp, β → βq, where α and β define the solution through ~F = ~∇α × ~∇β [4–6]. For a
more complete review, see [7].
One can write knotted solutions in fluid dynamics as well. Despite the fact that knot
theory was developed by Lord Kelvin based on fluid knots (after earlier work by Helmholtz
in 1858), explicit solutions were lacking until rather recently. This was started by the
observation of Moffatt [8] that one can write a fluid helicity Hv =
∫
d3xǫijkvi∂jvk, similar
to Hmm of electromagnetism, where the fluid velocity ~v is analog of the vector potential ~A
of electromagnetism, and writing some solutions with Hv 6= 0 in some very special cases,
further studied in [9, 10]. Further solutions were found in [11–13], and initial conditions
with nonzero Hv were described in [14]. For our purposes however, the relevant solutions
were found in [15,16], where it was found that electromagnetism can be written as a kind of
null pressureless fluid (P = 0, uµuµ = 0), allowing us to write a null fluid Hopfion solution
for fluid dynamics. One also obtained a “nonrelativistic fluid Hopfion” in 2+1 dimensions,
by a certain dimensional reduction procedure.
One can ask whether we can also write a Hopfion solution for gravity. On the other
hand, it is known that there is a fluid/gravity correspondence (see [17–19] for a review)
relating fluid dynamics with gravity near the horizon of modified black hole solutions.
Given the previous discussion, it seems like the correct way to embed the Hopfion into
gravity, via the null fluid Hopfion solution (or in 2+1 dimensions, via the nonrelativistic
fluid Hopfion). One possible problem is that the original Hopfion was a solution to a free
theory, whereas gravity is nonlinear; but that was true also in fluid dynamics, and the
solution there was to focus on the null pressureless sector which is simpler. It will turn out
that the same is true for gravity, and the null sector we need to consider corresponds to
a set of gravitational shockwaves, which are known to be simpler, and to linearize gravity
in some cases. However, it also turns out that the fluid/gravity correspondence was not
defined for these null fluids, corresponding to shockwaves, so we define it (as a somewhat
straightforward generalization) here. It is still conjectural, since it turns out to be even
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more difficult than in the original case to check that the gravitational equations are satisfied
if the null fluid equations are, but we will give some plausibility arguments.
Also, in order for the the equivalent of the Hopfion solution to exist, it seems reasonable
that there should be an analog of the helicities of electromagnetism and fluid dynamics.
We show indeed that this is the case, and we can define a nonlinear quantity that can
take the role of gravitational helicity, and show the condition for it to be conserved (time-
independent). It reduces to the eletromagnetic helicity in some particular (and linearized)
case.
The paper is organized as follows. In section 2 we review the electromagnetic and null
fluid Hopfion solutions. In section 3 we describe our proposal for a nonlinear helicity in
gravity, and we argue it based on the similarities between linearized gravity and electro-
magnetism. In section 4 we describe our conjecture for a null fluid/gravity correspondence,
and using it, we embed the null fluid Hopfion in gravity, showing that it has a nontrivial
gravitational helicity, and in section 5 we conclude.
2 Review: electromagnetic and null fluid Hopfions
The basic ”Hopfion” solution of electromagnetism is simplest to describe in the construction
of Bateman. Consider the Riemann-Silberstein vector
~F = ~E + i ~B , (2.1)
in terms of which the Maxwell equations become
~∇× ~F = i ∂
∂t
~F ; ~∇ · ~F = 0 , (2.2)
and solve automatically the second equation by the ansatz
~F = ~∇α× ~∇β. (2.3)
Then the resulting Maxwell equation reduces, on the ansatz, to
i(∂tα~∇β − ∂tβ~∇α) = ~F = ~∇α× ~∇β. (2.4)
In the case that these equations are satisfied, the vector ~F must be null, i.e.,
~F 2 = 0⇒ ~E2 − ~B2 = 0, ~E · ~B = 0. (2.5)
Then the basic Hopfion solution is given by
α =
A− 1 + iz
A+ it
;
β =
x− iy
A+ it
A =
1
2
(x2 + y2 + z2 − t2 + 1). (2.6)
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and we can check that it satisfies (2.4), and is null, ~F 2 = 0. The explicit formulas for ~E, ~B
can be found for instance in [15,16], though they are quite long, so we will not reproduce
them here. The explicit formulas for the gauge potentials Φ and ~A are not available, but
could be obtained from them.
In the absence of sources, one has electric-magnetic duality, relating ~E and ~B which
means we can define also a vector ~C by (in the gauge A0 = −Φ = 0)
~E = ~∇× ~C = −∂t ~A; ~B = ~∇× ~A = −∂t ~C. (2.7)
One can then define the ”helicities” of sourceless electromagnetism, quasi-topological
quantities defined as spatial Chern-Simons forms made up from ~A and ~C,
Hee =
∫
d3x~C · ~E =
∫
d3x~C · ~∇× ~C =
∫
d3xǫijkCi∂jCk
Hmm =
∫
d3x ~A · ~B =
∫
d3xǫijkAi∂jAk
Hem =
∫
d3x~C · ~B =
∫
d3xǫijkCi∂jAk
Hme =
∫
d3x ~A · ~E =
∫
d3xǫijkAi∂kCk , (2.8)
and we can show that these are time independent if ~E · ~B = 0 = ~E2− ~B2. In particular, for
the null Hopfion solution, this is true, and the helicities are conserved, and are moreover
nontrivial: one finds that for the Hopfion Hee = Hmm 6= 0 and Hem = Hme = 0.
As seen in [15,16], we can map electromagnetism to a null pressureless fluid, with
Tµν = ρuµuν , (2.9)
and uµuν = 0, which interestingly gives the same continuity equation and Euler equation
as the nonrelativistic ideal fluid, by the map
ρ↔ 1
2
( ~E2 + ~B2); vi ↔ [
~E × ~B]i
1
2(
~E2 + ~B2)
. (2.10)
For a traceless electromagnetic energy-momentum tensor, T µµ = 0, this gives a null fluid,
~v2 = 1, which then in turn implies a null electromagnetism, ~F 2 = 0.
One can then use the Hopfion solution to find a corresponding ”null fluid Hopfion”
solution, which then has energy density
ρ =
16
(
(t− z)2 + x2 + y2 + 1)2(
t4 − 2t2 (x2 + y2 + z2 − 1) + (x2 + y2 + z2 + 1)2
)3 (2.11)
and velocity
vx =
2(y + x(t− z))
1 + x2 + y2 + (t− z)2 ,
3
vy =
−2(x− y(t− z))
1 + x2 + y2 + (t− z)2 ,
v2z = 1− v2x − v2y . (2.12)
But we also have a map from the steady state (∂t = 0) Euler equations with pressure
in 2+1 dimensions and the null equations with zero presssure, p = 0, in 3+1 dimensions
at t − z = 0 and ∂+va = 0. One then finds the Hopfion solution with velocity (2.12) for
t− z = 0, density ρ = 1 and pressure
p = p∞ − 2
1 + x2 + y2
. (2.13)
This is a solution of the incompressible (ρ = 1 is constant) Euler’s equations with pressure
in 2+1 dimensions.
Note however that we have used dimensionless coordinates throughout. For a physical
solution, as we will need later, we must reintroduce an arbitrary scale l for the solution,
such that, for instance, the 2+1 dimensional fluid solution is
ρ = l−3
vx =
2y/l
1 + (x/l)2 + (y/l)2
vy =
−2x/l
1 + (x/l)2 + (y/l)2
p = p∞ − 2l
−3
1 + (x/l)2 + (y/l)2
. (2.14)
Then 1/l (or l0/l, where l0 is some fixed scale) acts as a perturbation parameter ǫ: when
ǫ→ 0, we obtain a trivial solution.
Similarly, for the null fluid Hopfion solution, we write
ρ =
16
(
(t− z)2/l2 + (x/l)2 + (y/l)2 + 1)2(
(t/l)4 − 2(t/l)2 ((x/l)2 + (y/l)2 + (z/l)2 − 1) + ((x/l)2 + (y/l)2 + (z/l)2 + 1)2
)3
vx =
2(y/l + x(t− z)/l2)
1 + (x/l)2 + (y/l)2 + (t− z)2/l2 ,
vy =
−2(x/l − y(t− z)/l2)
1 + (x/l)2 + (y/l)2 + (t− z)2/l2 ,
v2z = 1− v2x − v2y . (2.15)
3 Towards a nontrivial helicity in gravity
We can construct a quantity that has the flavor of the electromagnetic, or the fluid, helicity
also in gravity, and argue that it could be made to be conserved (though we will not find
a solution for which it is).
Consider first a map from electromagnetism in a certain static case to gravity.
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In de Donder gauge,
∂ν h¯µν = 0; h¯µν ≡ hµν − 1
2
ηµνh , (3.1)
the linearized equations of motion for gravity are
h¯µν = −16πGN
c4
Tµν . (3.2)
One then considers nonrelativistic sources such that we have (the theory itself is relativis-
tic!)
h¯00 =
4Φ
c2
; h¯0i = −2Ai
c2
; h¯ij = O(c−4) , (3.3)
where we have defined Φ as the gravitoelectric potential and Ai as the gravitomagnetic
potential, which means that we neglect tensor potentials (giving gravitational waves, for
instance). The sources then are the ”charge density”
ρ =
T 00
c2
(3.4)
and the ”current”
ji =
T 0i
c
. (3.5)
Far from these sources, we have
Φ ∼ GNM
r
; ~A ∼ GN
c
~J × ~r
r3
, (3.6)
where M =
∫
ρ and ~J =
∫
~j are the total mass and current (angular momentum) of the
source. Note that this implies that the gravitomagnetic field of a rotating body is
~Bg =
GN
2c
~L− 3
(
~L · ~r
r
)
~r
r
r3
∼ 1
r3
. (3.7)
The metric perturbed by the linearized ”gravitoelectromagnetic field” is then
ds2 = −c2
(
1− 2Φ
c2
)
dt2 − 4
c
~A · d~xdt+
(
1 +
2Φ
c2
)
d~x2, (3.8)
meaning that (note that x0 = ct) indeed we have (3.3).
With the above definitions, we have the ”electric” and ”magnetic” fields
~E = −~∇Φ− 1
c
∂
∂t
(
1
2
~A
)
~B = ~∇× ~A , (3.9)
and the Maxwell equations become
~∇ · ~E = 4πGNρ; ~∇× ~E = −1
c
∂
∂t
~B
2
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~∇ · ~B = 0 ~∇× 1
2
~B =
1
c
∂
∂t
~E +
4πGN
c
~j , (3.10)
so that QE = M , but QB = 2M . The de Donder gauge condition gives, for the ν = 0
component, the Lorentz gauge condition of electromagnetism,
1
c2
[
1
c
∂tφ+ ~∇ ·
(
1
2
~A
)]
= 0 , (3.11)
in which all terms are of order 1/c3 in the nonrelativistic expansion in 1/c. The ν = i
component on the other hand gives at this order
∂j h¯ji + η
00 1
c
∂th¯0i ≃ + 2
c3
∂tAi = 0 , (3.12)
so Ai is time independent. Note that this is not what is claimed in [20], but see the more
detailed criticism of that paper’s statement in [21]. Thus the map to electromagnetism,
despite obtaining the Maxwell equations, is only valid for time-independent Ai.
However, using the map in (3.8), we see that for instance the magnetic helicity becomes
in gravity, at the linearized level defined previously,
Hmm =
c4
4
∫
d3xǫijkg0i∂jg0k. (3.13)
But this form is not very satisfactory, as it is not invariant, and moreover g0i is not well
defined in general.
In electromagnetism, in the gauge A0 = −φ = 0, possible since we are in vacuum, the
helicities are conserved on null solutions, ~E · ~B = ~E2 − ~B2 = 0, like the Hopfion. On the
other hand, Hmm defined above is conserved in time at the linearized level simply due to
the map between gravity and electromagnetism for the case ∂tAi = 0, though since the
Hopfion is time dependent, we cannot embed it in gravity in this way.
But we can at least extend the helicity Hmm above, to the nonlinear level. At the
nonlinear level, consider the ADM parametrization of the metric,
ds2 = −N2dt2 + γij(dxi +N idt)(dxj +N jdt) , (3.14)
which means that
g0i = γijN
j ≡ Ni; gij = γij ; g00 = −N2 +N iNi. (3.15)
In summary, the metric and its inverse are
gµν =
(
−N2 +NiN i Ni
Ni γij
)
, gµν =
(
− 1
N2
N i
N2
N i
N2
γij − N iNj
N2
)
. (3.16)
Then Ni ≡ g0i, N ≡
√
−g00, γij ≡ gij .
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Comparing this with the ”gravitoelectromagnetic field” form (3.8), and keeping only
terms linear in the perturbations φ and ~A and putting c = 1, we obtain
γij = (1 + 2φ)δij
Ni = −2Ai ⇒ N i ≃ −2Ai
NiN
i −N2 = −(1− 2φ)⇒ N2 ≃ 1− 2φ. (3.17)
In the gauge φ = 0, we have g0i = Ni = N
i ≃ −2Ai, so the magnetic helicity can also
be written at the linearized level, and for ∂tAi = 0, as (up to a possible multiplicative
constant that we ignore)
Hmm =
∫
d3xǫijkNi∂jNk. (3.18)
But since Ni is well defined at the nonlinear level in the ADM parametrization, this is the
correct nonlinear generalization of our first try (3.13).
The condition for it to be conserved (time independent) becomes
∂tHmm = 2
∫
d3xǫijkN˙i∂jNk = 0. (3.19)
We can indeed a priori satisfy this at the nonlinear level, though we will not try to find a
solution for which it is.
In the ADM Hamiltonian formalism, the variables are γij and their conjugate momenta,
whereas N and Ni can be arbitrarily given. Their values can be fixed by gauge invariance,
i.e., general coordinate transformations, and by fixing them, we obtain the Hamiltonian
(H = 0) and momentum (Hi = 0) constraints for their conjugate momenta. In turn, this
means that we can choose to have a conserved magnetic helicity, ∂tHmm = 0, at any time
(so that Hmm is conserved) for any solution.
The condition for a nonlinear solution with conserved helicity is thus
ǫijkN˙i∂jNk = 0 , (3.20)
which is more stringent than the condition for conservation of Hmm, which would be just
its integral to vanish. But that is as it should be, since at the linearized level this becomes
ǫijkA˙i∂jAk = 0⇒ ~E · ~B = 0 , (3.21)
which is part of the null condition of electromagnetism. Note also that the condition, and
the form of Hmm, are invariant under spatial diffeomorphisms, as it should be the case.
There is one more helicity that can be written at the nonlinear level, namely Hme, given
by
Hme =
∫
d3x ~A · ~E = −
∫
d3x ~A · ~˙A = −1
2
∂
∂t
∫
d3x ~A2. (3.22)
As we can see, it is written entirely in terms of ~A, without making use of ~C, which is only
implicitly defined in the gravity case.
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At the linearized level, Ai is replaced by Ni, but at the nonlinear level, for invariance
under spatial diffeomorphism, we need to raise and lower spatial indices by γij . At the
nonlinear level then, the mixed helicity Hme becomes either
Hme = −
∫
d3xN iN˙i = −
∫
d3xγijNiN˙j (3.23)
or
H˜me = −1
2
∂
∂t
∫
d3xγijNiNj. (3.24)
Moreover, at the nonlinear level we cannot use the Maxwell equations for the condition of
conservation of Hme, so we have to impose a condition given by the nonlinear generaliza-
tions above, either
∂t(γ
ijNiN˙j) = 0 , (3.25)
for Hme, or
∂2t (γ
ijNiNj) = 0 (3.26)
for H˜me. However, this last possibility is not very plausible, since we would need that
nevertheless ∂t(γ
ijNiNj) 6= 0, which would mean that N iNi = γijNiNj = Ct, where C is
a constant.
The first possibility gives instead that
γ˙ijNiN˙j = −γij∂t(NiN˙j) , (3.27)
which is a combination of an equation of motion, here the time evolution for the variable
γij in ADM parametrization, together with a ”null condition,” which is a condition on Ni
in the current case.
4 A null fluid/gravity correspondence and using it to embed
the Hopfion at a black hole horizon
In this section we aim to embed both the nonrelativistic fluid solution in 2+1 dimensions
and the null relativistic fluid solution in 3+1 dimensions into gravity, via the fluid/gravity
correspondence. Since the correspondence was not defined in the null case, we will propose
a conjecture for it.
4.1 Review of the usual (nonrelativistic) fluid/gravity correspondence
and 2+1 dimensional Hopfion embedding
The fluid/gravity correspondence (see [17–19] for a review) starts with a boosted AdSd+1
black hole, for a time-like 4-velocity uµ, uµuµ = −1,
ds2 = −2uµdxµdr − r2f(r)uµuνdxµdxν + r2(ηµν + uµuν)dxµdxν , (4.1)
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where
f(r) = 1− r
d
H
rd
, rH =
4π
d
T. (4.2)
For d = 4, we have rH = πT and
ds2 = −2uµdxµdr +
(
π4T 4
r2
uµuν + r
2ηµν
)
dxµdxν . (4.3)
We then promote uµ and T to d-dimensional fields u(xµ), T (xµ). This is then not a solution
of Einstein’s equations anymore, so we need to solve Einstein’s equations perturbatively,
in the gradients of the fields u(xµ) and T (xµ).
For a conformal fluid, with fluid energy-momentum tensor
T µν = ρuµuν + p(ηµν + uµuν) , (4.4)
the tracelessness condition gives in the nonrelativistic case with uµuµ = −1
ηµνT
µν = 0⇒ ρ = p(d− 1). (4.5)
In that case, adding the thermodynamic conditions ρ + p = Ts (Gibbs-Duhem) and
dp = sdT is enough to fix everything as a function of T (x), up to a multiplicative constant,
since
ρ = p(d− 1)⇒ p = sT
d
, (4.6)
which together with dp = sdT gives
s = aT d−1 ⇒ p = aT
d
d
, ρ =
(d− 1)
d
aT d. (4.7)
So the conformal fluid is (almost, up the constant a) completely determined by uµ(xρ) and
T (xρ), including the pressure and energy density.
But one can also embed the usual Euler (and generalized to Navier-Stokes, and higher
corrections in derivatives) fluid (see for instance [19] for a review). By a scaling limit of
the conformal case, one obtains, for uµ ≃ (1, vi), and keeping only terms of order one and
order v,
ds2 = −r2 f dt2 + 2dtdr + r2dxidxi − (4π/dT )
d
rd
2vidxidt− 2vidxidt , (4.8)
and then turning vi and T into fields vi(t, xj) and T (t, xj). Moreover, the pressure appears
in the expansion
T = T0(1 + ǫ
2P (t, xi)) , (4.9)
and expanding in ∂i ∼ vi ∼ ǫ and ∂t ∼ ǫ2, we obtain the Navier-Stokes equation for an
incompressible fluid (meaning that ρ =constant, and can be set to 1) ∂iv
i = 0 with viscosity
η
ρ
=
1
2πT0
. (4.10)
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So now the parameter T0 defines the viscosity of the fluid. For T0 →∞, we get η/ρ → 0,
which is the Euler equation (instead of the Navier-Stokes equation).
Note that the way this happens is as follows: One obtains first the conformal hydro-
dynamics, with variables uµ(~x, t) and ρ(~x, t), or rather T (~x, t). After the above scaling
limit, we obtain a nonrelativistic theory, with uµ = (1, vi), vi ≪ 1, and one has redefined
variables: ρ = 3(πT )4 is now considered (approximately) constant, so we have an incom-
pressible fluid, but the small variation in T defines a new variable P , not the pressure
p = ρ/3 of the conformal fluid, but rather a new pressue, of the nonrelativistic fluid.
The proof is in the fact that, with this scaling, the conformal fluid equations of motion
imply the Navier-Stokes equations of motion, as reviewed in [19]. The proof of the fluid
gravity correspondence itself, found in [22], is that the conditions for the Einstein equations
to be solvable on the ansatz are exactly the conservation of the fluid energy-momentum
tensor, i.e., the fluid equations (Navier-Stokes in the nonrelativistic case).
Finally then, we can embed the nonrelativistic fluid Hopfion solution (2.14) into gravity,
to leading nontrivial order in ǫ = 1/l, by using (4.8) for d = 3. Note that the metric (4.8)
has a proposed gravitational helicity that, at least in the linearized case, similar to the
fluid helicity,
Hmm ≃
∫
d3xǫijkg0i∂jg0k ∼
∫
d3xǫijkvi∂jvk = Hv. (4.11)
Of course, for the 2+1 dimensional Hopfion this vanishes trivially (since there is no ǫijk
now), but it makes it likely to find a corresponding 3+1 dimensional solution that has such
Hmm 6= 0.
4.2 Null fluids and gravitational shockwaves
Other than the standard nonrelativistic limit from the previous subsection, there is another
way to obtain the Euler equation from the conformal relativistic fluid tensor (4.4), namely
by considering a null fluid uµuµ = 0 with zero pressure, like we have already observed
in section 2. Indeed, then the tracelessness of the energy-momentum tensor for uµuµ =
0 implies simply p = 0. Thus the null fluid solution from section 2 could in principle
be embedded in a black hole horizon by the same procedure as the one in the previous
subsection, except the procedure was defined only for uµuµ = −1, not for the null case
uµuµ = 0.
That means that we need to generalize to the case of a black hole in AdS space, moving
at the speed of light (since the normal procedure started with a boosted AdS black hole
for v < c), with uµuµ = 0.
But in flat space, boosting a Schwarzschild black hole to the speed of light results in the
Aichelburg-Sexl pp gravitational shockwave, as shown in their original paper [23]. Indeed,
they start by considering the boosted 4 dimensional Schwarzschild solution in isotropic
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coordinates, rewritten as
ds2 =
(
1 +
m
2r
)2
dxµdxνηµν −
[(
1 +
m
2r
)4
−
(
1−m/2r
1 +m/2r
)2]
dxµuµdx
νuν , (4.12)
where uµdx
µ = γ(dt′ − vdx′),
r2 = γ(x′ − vt′)2 + y2 + z2 , (4.13)
and the limit is taken writing m = p
√
1− v2 and keeping p fixed as v → 1. Then, through
a somewhat complicated limiting procedure and change of coordinates, one obtains the
A-S shockwave metric
ds2 = dxµdxνηµν − 4pGN
[
1
x+
− 2
x−
δ(x+)
]
ln(r2)(dx+)2.
= dxµdxνηµν + 8pGN ln(r
2)δ(x+)(dx+)2. (4.14)
On the second line, we have performed a coordinate transformation.
The resulting gravitational shockwave is of the general pp wave type.
A general pp wave in flat spacetime background, in Brinkmann coordinates, is
ds2 = 2dx+dx− +H(x+, xi)(dx+)2 + dxidxi. (4.15)
For pp waves in flat spacetime, the Einstein equation reduces to the single linear equa-
tion
R++ = −1
2
∂2iH(x
+, xi) = 8πGNT++. (4.16)
For the A-S shockwave in flat spacetime, the Einstein equation above is solved for a particle
of momentum pmoving at the speed of light, which is the endpoint of the limiting procedure
for the black hole of mass m = p
√
1− v2, with energy-momentum tensor
T++ = pδ
d−2(xi)δ(x+). (4.17)
and gives
H(x+, xi) = δ(x+)Φ(xi) , (4.18)
where Φ satisfies the Poisson equation in d− 2 dimensions,
∂2i Φ(x
i) = −16πGNpδd−2(xi). (4.19)
Note that in the general pp wave case, the Einstein equation is linearized.
The formula on the first line in (4.14) is not quite the AS shockwave above, but the
extra piece satisfies the vacuum equation, and as we said, the pp wave ansatz linearizes
the Einstein equations.
One can put A-S gravitational shockwaves in more general spacetimes, as analyzed
in [24]. In particular, the solution inside AdS background was obtained, with ansatz
ds2 =
dxµdxνηµν + dz
2 + h(x+, xi)(dx+)2
z2
, (4.20)
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where
h(x+, xi) = Φ(xi, z)δ(x+). (4.21)
The function Φ is complicated; in d = 4, it looks somewhat simpler:
Φ(xi, z) = p 8G5Rz
4
∫ ∞
0
J0(qr)K2(zRq)I2(z0Rq), for z > z0
= 8G5R
∫ ∞
0
J0(qr)I2(zRq)K2(z0Rq), for z < z0. (4.22)
Here R is the scale of AdS, r2 = xixi, z0 is the position of the shockwave in the radial
direction, and In, Jn,Kn are Bessel functions. Gubser et al. [25] found a similar solution,
writing an ansatz Φ = Φ˜z, but with a Φ˜ written in another way.
4.3 Conjecture for a null fluid/gravity correspondence
Since we have a fluid/gravity correspondence for a finite boost by uµ, we could in principle
consider the A-S limiting procedure for the boosted black hole in AdS space in order to
defined the null fluid/gravity correspondence. However, that seems technically difficult
(already in flat background the procedure of Aichelburg and Sexl is nontrivial), so we can
consider a shortcut instead.
Just like in flat background we can either consider the Aichelburg-Sexl procedure and
do a scaling limit on the boosted black hole to get the shockwave solution, or directly solve
the Einstein equations for the pp wave background with the boosted energy-momentum
tensor T++, we can consider the same second possibility in AdS background.
Without performing the Aichelburg-Sexl procedure, we can already find that the shock-
wave that would be obtained must be (equivalent by a coordinate transfomation to) the
shockwave in AdS background found by simply solving the Einstein equation with the
limiting T++, i.e., for a velocity in the z direction, vi = δiz ,
ds2 =
dxµdxνηµν + dz
2
z2
+
Φ(xi, z)
z2
δ(x+)(dx+)2. (4.23)
But note that we can write x+ = uµx
µ, dx+ = uµdx
µ, where uµ = (1, 0, 0, 1), so that by
rotating to a general frame, the solution is
ds2 =
dxµdxνηµν + dz
2
z2
+
Φ(xi, z)
z2
δ(uµx
µ)uµuνdx
µdxν . (4.24)
Here Φ(xi, z) has the functional form in (4.22), which has Φ ∝ p.
Like in the case of the non-null fluid/gravity correspondence, the next step is to allow for
an abitrary, but small, spacetime variations of the parameters 4-velocity uµ and momentum
of the shockwave p (since the 4-momentum is pµ = puµ), meaning that we consider now a
velocity field uµ = (1, vi(xj , t)) with vivi = 1, and a momentum field p = p(xj , t). Here p is
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momentum density, which can be equated with ρ(xi, t), the energy density of the conformal
fluid,
p(~x, t) = ρ(~x, t). (4.25)
However, note that unlike the usual, nonrelativistic, fluid-gravity correspondence, we
don’t need to take a (non-relativistic) scaling to obtain the Euler equation. Indeed, as we
saw, for the null pressureless conformal case, p = 0, uµuµ = 0, the conformal fluid equations
of motion become just Euler. In particular, that means that we don’t need a temperature
T , and to expand it like before, T = T0(1+ ǫ
2P ). We already have the necessary variables,
ρ(~x, t) and uµ(~x, t), with uµuµ = 0. All we need is that they satisfy the equation of motion
of a conformal energy-momentum tensor, ∂µTµν = 0, Tµν = ρuµuν .
Then the natural zeroth order solution for the fluid-gravity correspondence would be
ds2 =
dxµdxνηµν + dz
2
z2
+
φ(r, z)
z2
p(~x, t)δ(uµ(~x, t)x
µ)uµ(~x, t)uν(~x, t)dx
µdxν
=
dxµdxνηµν + dz
2
z2
+
φ(r, z)
z2
ρ(~x, t)δ(t − vi(~x, t)xi)(dt− vi(~x, t)dxi)(dt− vj(~x, t)dxj).
(4.26)
Note that, in effect, we have defined a coordinate x+ by the condition
dx+ ≡ uµ(~x, t)dxµ , (4.27)
and there are a priori two possible choices, differing slightly, for the delta function. One
is for its argument to be the one above, and the other is for it to be x+, obtained by
integrating the above relation (for constant uµ, the two are identical), i.e.,
ds2 =
dxµdxνηµν + dz
2
z2
+
φ(r, z)
z2
ρ(~x, t)δ(x+)(dx+)2. (4.28)
Here φ = Φ/p and now r is the radius locally transverse to the shock surface.
Like in the non-null case, this is now not a solution of the Einstein equations anymore
(in particular, because it describes an arbitrary shock surface vi(x, t)xi = t, moving locally
at the speed of light), but solves it only to leading order, and we need to add corrections
order by order in derivatives of the fields.
But the hope is that, like in the case of the usual fluid-gravity correspondence, there
exists still a solution defined order by order in derivatives from a deformation of the above,
provided the energy-momentum tensor of the dual fluid is conserved order by order in
derivatives (in the fluid expansion), i.e., provided the fluid satisfies the generalized Navier-
Stokes (and higher order) equations.
If we would have applied directly the Aichelburg-Sexl limiting procedure on the usual
fluid/gravity correspondence, we could have guaranteed that the end result was also correct,
though even in that case there would have been important questions about the order of
limits. As it is, since we used our shortcut, the proposal above for a null fluid/gravity
correspondence is a conjecture only.
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To test the conjecture, we could in principle do the same procedure [22] did, and find the
equations of motion that ρ(~x, t) and uµ(~x, t) need to satisfy in order for the metric ansatz
above to be an approximate solution of the Einstein equations at leading (first) order
in derivatives. In the usual fluid/gravity correspondence case, satisfying the equation of
motion at first order in derivatives means adding terms to the solution which are linear in
derivatives, and guaranteeing the conservation of the zeroth order conformal fluid energy-
momentum tensor. At this leading order, there will be no difference between the the two
proposals, (4.26) and (4.28), so we can use either one, as one wants.
However, because now we have a delta function in the ansatz, depending on the fields,
the process is more involved, and we have been unable to do it so far. The sketch of the
procedure is as follows.
The function Φ was chosen to satisfy
1
z2
∆(~x,z)Φ(~x, z) = 16πGNpδ
n(x)δ(z)⇒ 1
z2
∆(~x,z)φ(~x, z) = 16πGNδ
n(x)δ(z). (4.29)
But now the energy-momentum tensor of the wave is, considering the set-up (4.28),
T++ = ρ(~x, t)δ(x
+)δn(x)δ(z) , (4.30)
and then the Einstein equations in (x+, ~x, z) coordinates are
R++ = 8πGNT++ (4.31)
and the other components zero, just like in the constant case. But now one would need to
add new terms, linear in derivatives, to the ansatz, to turn it into a first order solution of
the Einstein’s equations. The claim is that this should (only?) be possible if
0 = ∂µT
µν = (∂µρ)u
µuν + ρuν(∂µu
µ) + ρ(uµ∂µ)u
ν . (4.32)
Note that we obtain
R++ =
1
2
∆(~x,z)(ρφδ(x
+)) + more , (4.33)
but now we can’t take out ρ and δ(x+) from inside the Laplacean, as they depend on ~x.
4.4 Gravitational Hofpion from null fluid Hopfion
Having defined the null fluid/gravity correspondence, we can just embed the solution (2.15)
into the ansatz (4.26) or (4.28), viewed as only valid to leading nontrivial order in ǫ = 1/l →
0.
As we saw in section 3 and at the end of section 4.1, there is a helicity, that can be
expressed in terms of gravity variables as well. The same will be true in this case. To
define it, we first note that the off-diagonal metric is proportional to the momentum of the
wave,
g0i ∝ p(~x, t)vi(~x, t) ≡ pi(~x, t). (4.34)
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The fluid Hopfion is characterized by a nonzero fluid helicity∫
d3xǫijkvi∂jvk , (4.35)
which now becomes a nonzero
H =
∫
d3xǫijkg0i∂jg0k , (4.36)
which can then be considered as the gravitational analog of the helicity. Indeed, in the
case of the linearized gravity, we have seen that this corresponds to Hmm,
Hmm =
∫
d3xǫijkNi∂jNk (4.37)
in the ADM parametrization, where we also have g0i = γijN
j ≡ Ni, which means we indeed
have H = Hmm.
So we have a nonzero helicity from embedding the fluid Hopfion via the null fluid/gravity
correspondence, just that now we have a singular case, since
g0i ∝ δ(uµxµ). (4.38)
5 Conclusions
In this paper we have conjectured a null fluid/gravity correspondence, generalizing the
usual fluid/gravity correspondence to the null case, and used it to embed the null fluid
Hopfion solution in gravity. We have also trivially embedded the 2+1 dimensional fluid
Hopfion in gravity via the usual (non-null) fluid/gravity correspondence. We have defined
a nonlinear helicity for gravity, an analog of the helicity of electromagnetism (carried by the
electromagnetic Hopfion solution) and the fluid helicity (carried by the null fluid Hopfion),
and have shown that our gravitational null Hopfion has a nonzero such helicity, though a
very singular one.
It would be nice to prove explicitly the validity of our conjecture for the null fluid/gravity
correspondence, but that seems technically very challenging, so we have left it for further
work.
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